shows the calculated band structure for the periodic nanosystem composed by diskhole quasi-BIC-MD resonators in free space. By introducing proper asymmetry factor into such system, we transformed the BIC MD state which has infinite Q-factor to quasi-BIC MD state with specific finite Q-factor. Figure S1 . (a) Schematic of silicon disk-hole metasurface. Here, the radius of disk and off-centered hole is , with offset . (b) Calculated band structure. The gray shaded area indicates the light cone of the free space. The inset shows the Q-factor evolution of the mode in the 2 nd band near  point. (c) Electric nearfield distributions of the quasi-BIC MD state at  point.
II. Quasi-BIC MD state optimization
Considering a pump laser with total intensity at wavelength  with spectral width . The intensity at each wavelength point within the spectral range [ /2, /2] can be estimated as .
For a designed quasi-BIC MD state with mode width , the corresponding Q-factor can be evaluated by Or estimated by the energy stored inside the resonator as If the intensity enhancement inside the resonator is . Then we can get the following relation During the nonlinear process, take third-harmonic generation process as an example, the nonlinear emission intensity is cubic dependent on the pump intensity.
The total nonlinear emission power
Considering that the total input pump is constant, the intensity at each wavelength can be written as when , the total nonlinear emission can be estimate roughly as ∫ when , the total nonlinear emission can be estimate roughly as ∫ Thus, for a given laser width , in order to obtain large total nonlinear emission power, the optimized width for the mode is equal to . Experimentally, our laser has a spectral width around 12 nm, so we choose the parameters of our quasi-BIC MD resonator as follows to achieve a comparable width: , , .
III. Nanofabrication
The fabrication of the metasurface was started by depositing a 53nm-thick layer of amorphous Silicon (a-Si) on a glass substrate at 250°C through plasma-enhanced chemical vapor deposition (PECVD) process. Before patterning, the deposited film went through a thermal treatment at 400˚C for 5 minutes. The Electron-beam lithography was on the a-Si film by using a positive-tone (ZEP520A) electroresist, followed by evaporation of a thin layer of chromium to generate metallic masks. Subsequently, patterns were transferred to the a-Si film by induction coupled plasma (ICP) etching. Finally, the metallic masks were removed by wet etching. Figure S1 gives the schematic illustration of the fabrication process for our sample. Figure S2 . Illustration of the nanofabrication steps.
IV. Q-factor and coherent length extraction for the quasi-BIC MD state
We derived the Q-factor from the measured spectrum from the metasurface by fitting the experimentally measured transmission spectrum T with a Fano line shape given by
, where , and are constant real numbers, is the central resonant frequency; is the overall damping rate of the resonance. The experimental Qfactor was then estimated as 128 via formula (with , and other fitting parameters being , , , and ). Figure S3 . The experimentally measured transmission spectrum fitted with a Fano line shape.
By investigating the angular dependence of the resonance, we further estimate the coherent length via [3, 4] . Figure S4 . The reflection spectrum at the resonance position as a function of the incident angle .
V. Experimental setup for nonlinear measurements
The schematic of the experimental setup for the nonlinear measurements is shown below. Objectives with ×100 NA0.7 and ×20 NA0.4 are used for THG spectroscopy measurement and THG image measurement, respectively. Figure S5 . Schematic of the experimental setup for the nonlinear measurements.
VI. Third-Harmonic Generation Calculation
The nonlinear response of our structure is modeled by use of FEM solver in COMSOL Multiphysics in frequency domain. We assume undepleted pump field and follow two coupled steps to emulate the nonlinear THG process: First, we model the linear scattering at the fundamental frequency under plane wave normal excitation. We neglect surface nonlinearities due to their negligible contribution to the THG process for centrosymmetric materials such as silicon [1] . The nonlinear susceptibility tensor is considered as a constant scalar value for amorphous silicon material, and the induced nonlinear polarization components at the third harmonic wavelength can be simplified as where refers to the components in x, y, z directions, respectively. Next, we employ the bulk nonlinear polarization induced inside the nanoparticles as a source to perform the electromagnetic simulation at the harmonic frequency to obtain the generated TH field. We calculate the proportion of the forward and backward THG emission as shown in Figure S5 . As can be seen, around 40% of the total THG emission goes in the forward direction. Figure S6 . Calculated total TH emission power from quasi-BIC MD resonators.
We further calculate the TH near-field distributions when pump at the resonance and off resonance, as shown in Figure S6 . Figure S7 . Electric near-field distributions of the harmonic waves for pump wavelength being 1343.5 nm (at the quasi-BIC MD state) and 1325 nm (off resonance), respectively.
By performing the Fourier transform of the THG field in both the forward and backward directions, we obtain the corresponding THG diffractions, as shown in Figure S7 . As can be seen, the nonlinear emission mainly goes into the first-order diffractions, with only 4% (2%) of the emission goes in the forward (backward) zero-order directions. This can be explained well based on the magnetic nature of nonlinearly-generated multipoles, i.e., magnetic multipoles cannot couple to the normal outgoing waves due to the zero overlap between them and the radiative outgoing waves. 
